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Polyampholytes are polymers that carry positively as well as negatively charged groups. Being often water-soluble these molecules offer numerous applications besides providing simple model systems for electrostatic interactions in proteins and other biopolymers [1] . A special class are quenched polyampholytes, where the charges are predetermined by the chemistry and independent of the pH. Over the last few years much progress has been made in synthesizing such polymers [1] and in understanding their conformations at infinite dilution [2] - [9] . The application of these single-chain theories to experiments on random polyampholytes has, however, led to apparently contradictory results [10] , [11] .
In the present letter we discuss the solubility of polyampholytes and the composition of solutions at finite concentration. For ordinary polyelectrolytes, which carry charges of only one sign, the water-solubility is mostly due to the gain in translational entropy of the counter-ions in the water phase. The polymers are dissolved in spite of their high electrostatic self-energies, which they minimize by adopting stretched conformations. In contrast, polyampholyte samples can be self-neutralizing, thus resembling mixtures of oppositely charged polyelectrolytes [12] . One can, therefore, expect the formation and precipitation of neutral complexes at finite concentrations. For not perfectly neutral samples the free counter-ions have a tendency to stay in the dilute phase, even though the majority of the polyampholytes precipitates. What is not clear a priori is the nature of the chains which accumulate in the supernatant to ensure charge neutrality.
Our analysis of the phase equilibrium between a homogeneous bulk and a dilute supernatant is based on the description of polyampholytes in solution as elongated globules [1] , [7] , [8] . Here we mostly consider polyampholyte samples with uni-and bimodal net charge distributions, for which the main effects can be worked out by simple arguments. We also present some results for randomly co-polymerized samples. A detailed treatment of this more realistic case will be given elsewhere [13] .
Model polyampholyte samples. -For simplicity we only consider net charge polydispersity and treat the chain length N and the fraction f of charged monomers as constants. Samples are then characterized by a normalized distribution p(δf ) for the excess charge per monomer δf . For non-neutral samples with δf 0 ≡ δf p(δf )dδf = 0 the net charge is balanced by a counter-ion density c i,tot = δf 0 c tot . Concentrations c δf refer to monomer concentrations in the dilute phase. If there is phase separation, we use capital letters C δf to indicate bulk concentrations. Chain concentrations are given by c δf /N and C δf /N , respectively.
We consider three different model distributions:
. Note that the unbiased case with δf 0 = 0 is an exception rather than the rule and that depletion during synthesis leads to broader charge distributions [14] . Bulk properties. -We concentrate on the generic case of a neutral ensemble of polyampholytes in a Θ-solvent with no added salt. The bulk can be viewed as a dense liquid of blobs of
. Inside each blob the Debye-Hückel polarization energy
/ k B T the Bjerrum length, and b the monomer size. We usually measure the chain length in units of these polyampholyte blobs:Ñ = N/g a 1. The bulk density is of the order of
3 /N with a bulk free energy per chain F bulk of −k B T per blob independent of the chain net charge [15] .
Single-chain properties. -The essential features of the conformations of polyampholytes in solution seem to be captured in the elongated-globule model [7] , [8] , [1] . Here we follow the notation in ref. [1] . In a globular state the internal monomer concentration is still approximately given by C bulk , so that three-body repulsion and polarization contribute F bulk to the free energy. The competition between surface tension, F surf ∼Ñ 2/3 k B T , and electrostatic repulsion between the excess charges,
, determines the size of the electrostatic blob, g e = f /δf 2 . The molecules resemble a sequence of N/g e electrostatic blobs, each consisting of g e /g a polyampholyte blobs. Up to logarithmic corrections the total surface and Coulomb energies of an elongated globule can be written as
Note that for an ensemble of random polyampholytes N = f / δf 2 , so that a finite fraction of the chains forms elongated globules with a size proportional to N [4] , [5] . For high net charges, when g e ≤ g a orδf ≥ 1, the polarization energy can be neglected and the chains behave as polyelectrolytes. They form a linear sequence of N/g e electrostatic blobs
with g e = b/l B δf 2 2/3 and
k B T . Summarizing these arguments, the excess free energy of a single chain in solution relative to the bulk may be approximated as
The chain chemical potential is the sum of its free energy and the ideal gas term for the translational entropy
)Ψ develops between the bulk and the dilute phase. In general,Ψ has to be determined from the condition of charge neutrality of both phases. Only in simple cases can this tedious procedure be avoided by considering solubility products.
Dimerization and precipitation for a sample with symmetric charge distribution. -We start by considering a bimodal sample (III) with = 0. In dilute solution the unimers are in chemical equilibrium with neutral dimers and at high enough c tot the sample phase separates. For a globular state the dimer free energy is equal to that of a neutral unimer of twice the original length. The chemical potential of the dimers is given by
Precipitation sets in, when the concentration is so high that the bulk chemical potential is reached, µ dim = µ + + µ − = 2µ bulk . As a consequence, the unimer concentrations in the dilute phase are limited by a solubility product
and the dimer concentration by
Note that eqs. ]. Precipitation sets in for exp[−(2Ñ )
Thus, a symmetric ensemble of polyampholytes with high chain lengthÑ is practically insoluble. Experimentally, such systems always consist of a supernatant in co-existence with a bulk.
Non-neutral samples. -Although these considerations have the benefit of simplicity, they are not in agreement with most experimental data [10] , [11] : i) many random polyampholyte samples are water-soluble at finite concentrations, 2) the supernatant is not always dominated by neutral chains, and 3) its concentration increases with the total concentration.
In the following we argue, that these effects are due to the presence of free counter-ions. The extreme case is a sample where all polymers have a net charge of equal sign, e.g. the unimodal distribution (II). In such a case, a polyampholyte molecule can only precipitate together with all its counter-ions. The respective concentrations in the dilute phase are limited by a solubility product, c
The effect is quite dramatic. For δf 0 N = 1, i.e. a single counter-ion per chain, ∆F bulk can be neglected [15] . By effectively reducing F ex by a factor of two the solubility of the sample corresponds to neutral chains which are three times shorter. The counter-ions, on the other hand, experience an electrostatic potential barrier Ψ corresponding to one half of the globule surface energy. For largerδf 0 , L
becomes independent of the chain length and reaches a minimum of order unity for chains at the crossover between the elongated globule and the polyelectrolyte regimes. Without discussing the corresponding semi-dilute solutions any further one may, for all practical purposes, regard such samples as water-soluble.
Impurities and fractionation. -We now turn to the situation where a sample contains a small proportion of free counter-ions. As an example we consider again a bimodal sample (III), but now with a slightly higher proportion of positively charged polyampholytes ( > 0).
Up to the onset of precipitation the extra chains and counter-ions do not qualitatively change the behavior of the system. If unimers dominate, there is a slight excess c + − c − = 2 c tot of positively charged chains, in the opposite case the concentrations approach c dim = (1 − 2 )c tot , c + = 2 c tot and c − = (1/2 − 1)/K A . However, the composition and concentration of the supernatant are no longer fixed by establishing a phase equilibrium. At co-existence, the unimer concentrations, not being limited individually but by a solubility product, become dependent on the total concentration:
Since the dimer concentration is still given by eq. (4) and a constant, the dilute phase may, depending on c tot , either be dominated by charged or neutral globules ( fig. 1 ). The increase of the unimer concentration in the supernatant is limited by the solubility product eq. (5) for the excess chains and the counter-ions. Asymptotically, c + − c − ≈ c + , C + = (1/2 + )C bulk , and
where ∆F bulk = 0 for small .
Discussion. -Our results suggest that care has to be taken in the interpretation of experiments on samples which contain polyampholyte chains with net charges of both signs: At finite concentrations it is not possible to identify the composition of the dilute phase with the composition of the sample.
It is worthwhile to illustrate the consequences using the example of randomly charged chains treated by Kantor and Kardar [4] (case (I) withδf 0 = 0). At infinite dilution the averages for quantities such as the hydrodynamic radius are dominated by the extended chains in the wings of the sample charge distribution. However, already for total concentrations as low as C bulk exp[−Ñ 2/3 ] most of the material is precipitated, so that bulk and sample composition coincide. By equating the chemical potentials in the two phases one obtains for the concentrations in the dilute phase Compared to the bulk, the distribution of net charges on the unimers in the supernatant is N 1/3 times narrower, i.e. there are practically no elongated globules dissolved ( fig. 2 ). For the Gedankenexperiment to work, where random polyampholytes with an overall neutrality constraint are cut into two pieces, the concentrations have to be even lower: the least charged, elongated halves start to form dimers for c tot > C bulk exp[−2Ñ 2/3 ]. Thus while Kantor and Kardar concluded that statistical fluctuations in the net charge density play a dominant role, we believe that for experiments the opposite view is equally relevant: pairs of oppositely charged chains have a strong tendency to form neutral complexes and to precipitate.
Nevertheless, we find that the extended states play an important role in experiments. The reason is i) the sublinear dependence of the excess free energy on the chain net charge in the elongated globule regime (eq. (1)) and ii) the fact that samples are never perfectly self-neutralizing and therefore contain free counter-ions. At co-existence, an electrostatic potential difference Ψ establishes between the phases which determines the composition of the supernatant.
For biased random co-polymerization (case (I) with 0 <δf 0 Ñ −1/2 ) we find two limiting cases [13] . If the bias is exponentially small or if c tot is close to the onset of phase separation, Ψ is so small that the composition of the supernatant is similar to the situation depicted in fig 2: the Gaussian peak is shifted, so that spherical, but now on the average slightly charged unimers dominate. In most cases, however, the potential difference exceeds the critical value ofΨ = 2 with the consequence that i) the solubility of elongated globules withδf > (
increases with their net charge, ii) those with the highest charge have the strongest tendency to accumulate in the supernatant where iii) their concentrations may exceed those in the bulk. To balance the charges on the counter-ions with the limited number of highly charged globules, Ψ adapts its value, so that all chains from the tail of the sample net charge density distribution withδf >δf * are dissolved, whereδf * is determined by the conditionδf 0 = ∞ δf * dδfδf p(δf ). In general, non-self-neutralizing samples behave like mixtures of a soluble and a non-soluble component. Concentrating the sample leads to a separation of an almost self-neutralizing bulk and a supernatant containing the counter-ions and the most strongly charged chains. The fractionation process can be repeated by redissolving the bulk until the dilute phase is dominated by weakly charged spherical globules.
Clearly, our understanding of the effects discussed in this article can only be as good as our understanding of the properties of polyampholytes in general. While the Debye-Hückel approximation for the description of dense states and the elongated globule model for chains in dilute solution capture the essential physics, they can certainly be refined [12] , [6] , [5] . For example, future work on the necklace model [5] in combination with arguments along the lines of those presented here may allow predictions on whether or not particular charge sequences lead to more soluble molecules than others. ***
